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Abstract 



It is shown that the derivation of the Hawking radiation from a rotating black hole 
on the basis of the tunneling mechanism is greatly simplified by using the technique of 
the dimensional reduction near the horizon. This technique is illustrated for the original 
derivation by Parikh and Wilczek, but it is readily applied to a variant of the method 
such as suggested by Banerjee and Majhi. 
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1 Introduction 

The black hole radiation is explained by taking into account the quantum effect in the 
framework of general relativity. This is commonly called Hawking radiation. Hawking ra- 
diation is one of very important phenomena where both of general relativity and quantum 
theory play a role. After Hawking's original derivation [TJ, various derivations of Hawking 
radiation have been suggested. 

A method of deriving Hawking radiation based on quantum tunneling was proposed 
by Parikh and Wilczek [2|. The essential idea is as follows. We consider that a particle- 
antiparticle pair is formed close to the horizon inside a black hole. We can divide the 
field associated with a particle into ingoing modes moving toward the center of the black 
hole and outgoing modes trying to move outside the black hole. The ingoing modes are 
trapped inside the horizon. On the other hand, although the horizon plays a role of a 
barrier when the outgoing modes try to move outside the black hole, a part of the outgoing 
modes move outside the black hole by the quantum tunneling effect. If the particle which 
comes out to our universe has positive energy, such a particle (and also an antiparticle) 
can stably exist and we can regard the particle outside the horizon as the radiation from 
the black hole. Parikh and Wilczek calculated the WKB probability amplitude for the 
particle by taking into account classically forbidden paths. By comparing the probability 
with the Boltzmann factor in thermodynamics, they successfully derived the Hawking 
temperature. The physical picture of the derivation of Parikh and Wilczek is quite clear. 

They derived these results for spherically symmetric black holes (in particular, a 
Schwarzschild black hole and a Reissner-Nordstrom black hole). The extension of their 
derivation to rotating black holes, which have spherically asymmetric geometry such as 
Kerr and Kerr- Newman black holes, has been discussed in the literature [SHS]. The deriva- 
tions for rotating black holes are mathematically quite involved because of the effects of 
the rotation. 

In this paper, we show a new approach which extends the method of Parikh and 
Wilczek to a rotating black hole. It is shown that the derivation of the Hawking temper- 
ature is greatly simplified if one uses the technique of the dimensional reduction near the 
horizon. 

The essential idea of the dimensional reduction is as follows: We consider the action for 
a scalar field in the Kerr-Newman black hole background. We expand the scalar field in 
terms of the spherical harmonics and use the tortoise coordinate |7,8j to find the behavior 
of the field near the horizon. We can then ignore the mass, potential and interaction 
terms in the action because the kinetic term dominates in the high-energy theory near 
the horizon. We thus find that the integrand in the action does not depend on angular 
variables when only the dominant terms near the horizon are retained. The 4-dimensional 
action is then reduced to a 2-dimensional action by using the orthonormal condition of 
the spherical harmonics. As a result, we can show that the 4-dimensional spherically 
asymmetric Kerr-Newman black hole effectively behaves as a 2-dimensional spherically 
symmetric black hole by this technique of the dimensional reduction. 

We note that this technique is valid only for the region very close to the horizon. The 
use of the technique in the tunneling mechanism is justified since the tunneling effect is the 
quantum effect arising within the Planck length near the horizon region. Our approach 



greatly simplifies the derivation of the Hawking temperature from a rotating black hole in 
comparison with previous works [3-6J. This technique of dimensional reduction have been 
used in the derivation of Hawking radiation on the basis of quantum anomalies [9H12J. 
We have shown elsewhere [13] that this dimensional reduction technique is useful in the 
analysis of a rotating black hole in the modified tunneling scheme by Banerjee and Majhi 
|14j . More recently, it was discussed by Banerjee and Majhi that the technique is useful 
when the unified description of Hawking and Unruh effects is extended to a rotating black 
hole |15| . To my knowledge, the usefulness of the dimensional reduction has not been 
discussed in the framework of the tunneling method of Parikh and Wilczek. 

The contents of this paper are follows. In Section 2, we show how to extend the 
method of Parikh and Wilczek to the Kerr-Newman black hole by using the technique of 
the dimensional reduction near the horizon and how to derive the Hawking temperature. 
Section 3 is devoted to discussion and conclusion. 



2 Extension to Kerr-Newman black hole 

Parikh and Wilczek derived Hawking radiation on the basis of the quantum tunneling 
effect in the 4-dimensional spherically symmetric black hole backgrounds. For these black 
holes, the line element is given by 

ds 2 = -f(r)dt 2 s(r) + -^-dr 2 + r 2 d9 2 + r 2 sin 9dip 2 , (2.1) 



"/ W(r) + J^jdr' 



where f(r) is given by f(r) = 1 — for the Schwarzschild black hole with the mass M 

and /(r) = 1 — 2M + Hj- for the Reissner-Nordstrdm black hole with the mass M and 
charge Q. 

We now consider the case of a charged and rotating Kerr-Newman black hole. The 
line element is given by 

, 9 A - a 2 sin 2 9 , 9 2a sin 2 9 , 9 9 . . , , 
ds 2 = dti - (r 2 + a 2 - A)dt k dip 

a 2 Asm 2 9-(r 2 + a 2 ) 2 2ni2 X 2 ^ I/l2 , . 
— i sin 2 9d<p 2 + —dr 2 + Hd9 2 , (2.2) 

where the notations are respectively defined by 

S = r 2 + a 2 cos 2 9, (2.4) 

A = r 2 - 2Mr + a 2 + Q 2 = (r - r + )(r - r_). (2.5) 

Here, M, J, Q and r + t\ are respectively a mass, an angular momentum, an electrical 
charge and the outer (inner) horizon of the Kerr-Newman black hole defined by 



r± = M± y/M 2 - a 2 - Q 2 . (2.6) 



It follows from the expression fj2.2[) that the Kerr-Newman metric has spherically asym- 
metric geometry. 

We show that the technique of the dimensional reduction near the horizon is very 
useful, when we extend the method of Parikh and Wilczek to the Kerr-Newman black hole. 
By using the technique, it is shown that the Kerr-Newman line element (|2.2p behaves as 
the 2-dimensional spherically symmetric line element 



ds 2 = -f(r)dtl+j±-rdr 2 , (2.7) 



A _ 2Mr Q 2 

r z _|_ a z r z + a z r z + a z 



where f(r) is given by 



and contains the effect of the rotation a. For details of this calculation, see §2 in |13j or 
§2.4 in [16] . This technique of the dimensional reduction is valid only for the region very 
close to the horizon. The use of the same technique in the tunneling method of Parikh 
and Wilczek is justified because the tunneling method deals with the region very close to 
the horizon. 

To describe the across-horizon phenomena, Parikh and Wilczek used the Painleve 
coordinates [T7]. Thus we define the time component of the Painleve-like coordinates 
corresponding to (|2.7|) by 





/ 2Mr Q 2 


dh + ^ 


1 r 2 +d 2 r 2 -\-a 2 


1 


2Mr | Q 2 
r 2 +a 2 r 2 +a 2 



dt S dtk + : 2M- n 2 ^ (2.9) 

1 — i 

The Painleve-like line element is then given by 



, 9 / 2Mr Q 2 \ , 9 I 2Mr Q 2 , , , 9 

ds 2 = -[l- -= 9 + ^ = dt 2 + 2 A /-= 5 - -p—dtdr + dr 2 . (2.10) 

\ r A + a z r A + a A J V r A + a z r z + a z 



The radial null geodesies is also given by 



dr / 2Mr Q 2 

at V r z + a A r z + a z 

where the sign + (— ) stands for the outgoing (ingoing) geodesic. 

When we take into account the effect of the particle's self-gravitation [18] . we replace 
M by M — u, where uj is the energy of the particle which escapes from the black hole by 
the tunneling mechanism. Thus, (|2.10p and ([2. lip are respectively rewritten as 



dg2 _ _/_ 2JM-^ + _tf_S d(2 + jm^± _ ^_ + ^ 

\ r z + a z r z + a z / V r z + a z r z + a z 



xl_ ^ r 2 + a 2 'WTa^- (2 ' 13) 



By following Parikh and Wilczek, we evaluate the WKB probability amplitude for a 
classically forbidden trajectory. The imaginary part of the action for an outgoing positive 
energy particle, which crosses the horizon outwards from r- m to r out , is given by 

/Tout [-Tout rpr 

Im S = Im / p r dr = Im / / dp' r dr. (2-14) 

Jr m J ' r- ln JO 

By using Hamilton's equation r = +^ — in (|2.14[) . we obtain 

dr f +UJ f Tout dr 

— dH = Im / , a =(-duj'), (2.15) 

V Jo Jr in 1 , l 2{M-w')r 
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where we used H = M — oj' '. By using Feynman's ie prescription ui — >• ui — ie, we have 

/•rout pM-u jyri /Tout f Jl , „2\ 

Im 5 = +Im / / , di ^ dr = -vr / f ^-±^- ) dr, (2.16) 

4u JM l_./2M!r_^QL~ Jr in V *" / 

where r out and n n are respectively given by 



r out = M - w + v/(M - a;) 2 - a 2 - Q 2 , (2.17) 

r in = M+ v / M 2 ^a 2_r Q 2 = r + . (2.18) 

When we consider the effect in the first order of u>, (J2.16P becomes 

Im 5 = -| (r 2 ut - r 2 ,) - ™ 2 In (^) (2.19) 

w, (2.20) 



7r(rl + a 2 ) 



r+ -M 
where we used 



r out * r + r -±— u. (2.21) 

r + — M 

Thus, we obtain the WKB probability amplitude 

r = e" 2Im s ~ e^, (2.22) 

where we used n which is the surface gravity on the horizon of the Kerr-Newman black 
hole defined by 



K = ^/(O 



r+- M 
ri + a 2 



(2.23) 



By comparing the result (|2.22p with the Boltzmann factor (T = e t) ina thermal equi- 
librium state at temperature T, we find the Hawking temperature Th 



ft = i, (2.24) 



which is the desired result [5]. 



3 Discussion and Conclusion 

We have shown that we can extend the method of Parikh and Wilczek to the case of the 
Kerr-Newman black hole by using the technique of the dimensional reduction near the 
horizon and we can derive the Hawking temperature in a very simple manner. As already 
stated in Introduction, the extension of the tunneling method of Parikh and Wilczek to 
the rotating black hole had been previously discussed in pHS]. However, their analyses 
are much more involved in comparison with the method shown in this paper because both 
the effects of p^, which is the canonical momentum conjugate to cp, and tp, which is the 
time derivative of ip, have to be analyzed in their method. 

The calculation in our derivation is little different from the original calculation for 
spherically symmetric black holes by Parikh and Wilczek. Nevertheless, our method 
includes the essential effect of the rotation, and the Hawking temperature is correctly 
derived by evaluating the effect to the first order in oj. By using the present technique, we 
can also understand the reason why Parikh and Wilczek consider only the (t — r) sector 
of the line element when they derive the radial null geodesies (12.111) . 

We thus conclude that the technique of the dimensional reduction is very useful in 
the derivation of Hawking radiation on the basis of the tunneling mechanism. Recently, 
a variant of the tunneling method of Parikh and Wilczek was proposed by Banerjee and 
Majhi p3j. It was shown elsewhere that the technique of the dimensional reduction is 
also useful when their method is extended to analyze the tunneling effect in a rotating 
black hole background [13] . 

In passing, we note that the authors in [19J discuss the potential "factor of two sub- 
tlety" in the tunneling method, but the main issue in the present paper is away from the 
subtlety. 
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